Abstract. Primordial Black Holes (PBH) from peaks in the curvature power spectrum could constitute today an important fraction of the Dark Matter in the Universe. At horizon reentry, during the radiation era, order one fluctuations collapse gravitationally to form black holes and, at the same time, generate a stochastic background of gravitational waves coming from second order anisotropic stresses in matter. We study the amplitude and shape of this background for several phenomenological models of the curvature power spectrum that can be embedded in waterfall hybrid inflation, axion, domain wall, and boosts of PBH formation at the QCD transition. For a broad peak or a nearly scale invariant spectrum, this stochastic background is generically enhanced by about one order of magnitude, compared to a sharp feature. As a result, stellar-mass PBH from Gaussian fluctuations with a wide mass distribution are already in strong tension with the limits from Pulsar Timing Arrays, if they constitute a non negligible fraction of the Dark Matter. But this result is mitigated by the uncertainties on the curvature threshold leading to PBH formation. LISA will have the sensitivity to detect or rule out light PBH down to 10 −14 M . Upcoming runs of LIGO/Virgo and future interferometers such as the Einstein Telescope will increase the frequency lever arm to constrain PBH from the QCD transition. Ultimately, the future SKA Pulsar Timing Arrays could probe the existence of even a single stellar-mass PBH in our Observable Universe.
Introduction
Since the detection by Advanced LIGO/VIRGO of Gravitational Waves from the merging of massive black holes (BH) [1] [2] [3] [4] [5] [6] [7] , there has been a strong revival of interest for Primordial Black Holes (PBH) [8] [9] [10] [11] [12] as a Dark Matter (DM) candidate [13] [14] [15] [16] . Several observations motivate this scenario [17, 18] : in particular, the merging rates inferred by LIGO that are consistent with the ones expected for PBH abundances comparable to DM; the low effective spin of BH progenitors, one of them being likely anti-aligned with the orbital momentum, which suggests a capture process; recently detected microlensing events of stars in M31, the Milky Way bulge and distant quasars; the lack of detections of ultra-faint dwarf galaxies (or their stellar clusters) below the critical dynamical heating radius; the spatial coherence between the source-subtracted soft X-ray and cosmic infrared backgrounds [19, 20] ; the existence of billions of super-massive black holes at high redshifts that could have grown from massive PBH seeds in the tail of the mass distribution. Note that PBH as DM could also help resolve the long-standing core-cusp, too-big-to-fail and dwarf satellite problems of LSS, thanks to the gravitational scattering of PBH in the halo cores as well as an early and rapid accretion phase in dense halos [18] .
In particular, a PBH-DM scenario with an extended mass distribution centered in the range [1 − 10] M could perfectly explain the detected LIGO events and pass all the present observational constraints [21] [22] [23] [24] [25] , if the uncertainties on microlensing limits [26] [27] [28] [29] or the possible clustering of PBH [30] are taken into account. Notice, however, that it is still unclear and debated whether numerous BH binaries would form soon after PBH generation, and boost the merging rate today above the LIGO limits [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] , in particular if PBH are initially clustered and have an extended mass distribution.
A nice feature of the scenario is that within the next decade, it will be possible to prove or rule out massive PBH in the range [0.1 − 10]M constituting all of the DM, with a set of independent but complementary observations, from widely different scales and epochs in the history of the Universe [17, 18] . Among others, it has been proposed to probe PBH and their mass distribution by using the BH merging rate distribution from GW detectors, the stochastic GW background from PBH binaries [32, 33, 35, 41] or close PBH encounters [42, 43] , by detecting many new ultra-faint dwarf galaxies (UFDG) and their luminous density profile [44] [45] [46] , the correlation of radio and high-energy sources towards the galactic center [47] [48] [49] , wide binaries in the galactic halo [50] , microlensing events [29] , the imprints of early PBH accretion on the cosmic microwave background anisotropies and spectral distortions [51] [52] [53] , and on the 21cm signal [54] [55] [56] [57] [58] , the correlation between the cosmic infrared background and the soft X-ray background [19, 20] , etc.
Together with observational probes, on the theory side, several models for massive PBH formation have been proposed recently in the context of inflation, including mild-waterfall hybrid inflation [13] , axion-gauge inflation [60] [61] [62] [63] [64] [65] , critical Higgs inflation [66] [67] [68] [69] , inflection point [70] etc. A common feature of all these models is a peak in the power spectrum of curvature fluctuations. Another interesting possibility is to produce a PBH abundance peaked on the solar-mass scale from a nearly scale invariant power spectrum, thanks to the sound speed reduction during the QCD phase transition [71] [72] [73] . Therefore, if the existence of PBH were confirmed, it would be possible to constrain and distinguish these different models and formation mechanisms. Future LSS surveys, CMB spectral distortions [74, 75] and limits on the abundance of ultra-compact mini-halos [76, 77] will set limits on scales where power enhancement could be initiated. But for the moment there are no observations able to probe the entire shape of the power spectrum peak [65] .
In this paper, we study a potentially detectable effect of PBH formation from peaks in the curvature power spectrum. At horizon reentry, during the radiation era, these large fluctuations collapse gravitationally to form PBH and, at the same time, they generate a stochastic background of gravitational waves from the second-order anisotropic stress-tensor of matter fluctuations [65, [78] [79] [80] [81] [82] [83] [84] . Compared to other recent works, focusing on a monochromatic PBH mass [80, 84] , on the effect of non-Gaussianity [81] or on specific models [65, 82, 84] , our analysis is extended to more realistic wide-mass distributions of PBH. The amplitude and shape of this new background is calculated here for four different phenomenological models for the primordial power spectrum of curvature fluctuations, able to generate massive PBH as the DM: a broad Gaussian peak, a very narrow peak behaving in the limit like a δ-function, a broken power-law and a nearly scale-invariant spectrum. For a Gaussian peak, our result confirm independently the ones of [83] that were released during the finalization of our paper. These typical spectral shapes reproduce the predictions of different theoretical models such as waterfall hybrid inflation, axion-gauge inflation, domain wall, and QCD phase transition models. We identify universal features and frequency ranges of this GW background that would allow one to distinguish it from other backgrounds with future ground and space interferometers, as well as future Pulsar Timing Arrays (PTA). It is also shown that the present limits on PTA already exclude part of the parameter space of these models. Finally, we will emphasize that future PTA and the LISA mission can potentially exclude the existence of even a single PBH in our observable Universe, if these PBH are produced from Gaussian fluctuations.
The paper is organized as follows: The formalism of PBH formation from peaks in the curvature spectrum is reviewed in Section 2. Then, the considered models and the corre-sponding curvature power spectra are presented in Section 3. In Section 4, we compute the expected stochastic GW spectra from the PBH formation and we discuss their detectability in Section 5. We conclude and discuss some perspectives of this work in Section 6.
2 PBH formation from peaks in the curvature power spectrum PBH can form during the radiation era due to the gravitational collapse of O(1) curvature fluctuations, when they reenter inside the Hubble horizon. We focus here on Gaussian fluctuations, produced during inflation. We adopt a model independent approach and consider typical shapes of the small-scale power spectrum peak, at the origin of PBH formation. Some level of non-Gaussianity could ease the formation of PBH, as shown e.g. in [85] [86] [87] [88] [89] . But here we assumed that the condition derived in [87] (see Eq. 3.6) for non-Gaussianity to not alter significantly the PBH abundance is satisfied. Our results could nevertheless be extended to a scenario where non-Gaussian fluctuations are important. Typically this would lower the limit on the peak amplitude, leading to a lower amplitude of the stochastic background from PBH formation, as discussed later.
There is a one-to-one correspondance between the PBH mass m PBH , that is roughly the mass in the collapsing Hubble volume, the time t k and scale factor a k at formation in the radiation era, and the wavenumber k associated to the size of the curvature fluctuation that had exit the Hubble radius N k e-folds before the end of inflation, so that
where M p is the reduced Planck mass, H k and a k are the Hubble rate and scale factor at formation time t k , H end and a end are the ones at the end of inflation. Here a rh denotes the scale factor at the end of the reheating era, which we assumed has an effective equationof-state parameter w rh . For simplicity, we will assume instantaneous reheating. This way,
One can notice that the shape of the curvature power spectrum P ζ (N k ) alone does not determine a unique PBH mass. For doing so, one needs to fix the energy scale of inflation, or use instead P ζ (k). We assumed a standard ΛCDM cosmology with H 0 = 70 km/s/Mpc and matter-radiation equality at a eq = 3.4 × 10 −4 .
The fraction β of the Universe collapsing into black holes of mass between m PBH and m PBH + d ln m PBH is given by
where ζ c is the curvature fluctuation threshold above which gravitational collapse leads to the formation of a PBH. In the limit ζ c √ 2σ, this gives
For a pure radiation fluid, numerical relativity simulations in spherical symmetry give a density fluctuation threshold value δ c = 0.453 [90, 91] , which corresponds to ζ c = 1.02 at the Hubble crossing scale. Except for the model of Sec. 3.4 in which we take into account the effect of the QCD transition on the equation of state of the plasma, we have assumed this value throughout the paper. Let us nevertheless notice that a three-zone model describing the PBH collapse has been used to obtain a lower value, ζ c = 0.086 [92] . The impact of the critical threshold on our results will be discussed in Section 5. Finally, σ is the variance of curvature fluctuations and is related to their primordial power spectrum convolved with some window function W (k, R), assumed to be a simple top-hat function centered on k PBH and over which the power spectrum varies only linearly 1 ,
After PBH formation, β grows linearly with the scale factor in the radiation-dominated era, from the relative dilution due to the universe expansion of matter and radiation densities, and assuming no mass accretion during the radiation era. At matter-radiation equality, one has
Typically, for solar-mass PBH, one needs β form ∼ 10 −9 at formation to get an abundance comparable to the one of Dark Matter.
Models
In this Section, we introduce the models of PBH formation that we consider and in Section 4 we compute the gravitational waves produced in these scenarios. The corresponding PBH mass distributions are represented on Fig. 3 .
Gaussian power spectrum
The first considered model is a Gaussian power spectrum, which arises rather generically in some versions of smooth-waterfall hybrid inflation [13] , as well as in some models of single field inflation with an inflection point [70] . The potential has a plateau for a brief period of the field evolution, before ending inflation, which induces a peak in the power spectrum at small scales. This process generates a characteristic peak in the spectrum of the primordial curvature perturbation P ζ , shown in Fig. 2 . To a good approximation, it is given by
We assumed that the parameters P p and σ p describing the peak position and width, are essentially uncorrelated so that we can have any value for the width of the Gaussian in N k , and any amplitude P p . We will choose here as characteristic of the Gaussian power spectrum a broad case with σ p ∼ 3, and leave for section 3.2 the case σ 1, which at the limit corresponds to a delta function power spectrum.
One may notice that the required amplitude of the broad peak to produce a significant fraction of dark matter in PBH only slightly depends on σ p . The resulting PBH abundance is only sensitive to the top of the peak, due to the exponential dependence in β form , see Eq. (2.3), which makes quite generic the predictions for the maximal amplitude of the stochastic GW background associated to PBH formation. For instance, for σ p = 10 and k p = 2 × 10 6 Mpc −1 (e.g. a peak centered on 1M ) one needs P p 0.022 to get 100% of DM made of PBH. For a narrower peak with σ p = 3 (our benchmark case), one needs P p 0.025, only 10% higher.
Single sharp peak power spectrum
There are several models that present sharp peaks in the curvature power spectrum at a single scale, like the original model of hybrid inflation [12, 59] , or the more recent one of axion inflation with couplings to gauge fields [60] [61] [62] [63] [64] [65] . In both cases, the backreaction of explosive particle production at a given moment before the end of inflation produces a sharp peak in the power spectrum that has the form:
where for analytical treatments we have approximated the sharp peak with a delta function, but the differences for GW production at reentry are negligible. For the numerical computation of the GW spectrum, we consider the limit case of a thin Gaussian peak, shown on Fig. 2 , with σ p = 0.1 and P p = 0.0298, such that f tot PBH ≡ Ω PBH /Ω DM = 1 today.
Broken power law power spectrum
In some models of bubble wall collisions and/or collapse after inflation [97] [98] [99] [100] , the power spectrum is a broken power law. Here we consider a generic spectrum of primordial scalar perturbations. We will only assume that it has the functional form of a broken power law:
where m > 0 and n > 0 are real numbers, k p the peak scale and P p < 1. An example of such a primordial spectrum, with m = 3, n = 0.5 and P p = 0.0275 leading to f tot PBH = 1 today, is shown in Fig. 2 .
Nearly flat power spectrum and boost of PBH formation at QCD transition
The sound speed reduction during the cross-over QCD phase transition reduces the threshold of the density contrast, and therefore boosts the formation of PBH [71, 72] , when the Hubblehorizon mass is about 2M , as recently detailed in [73] . This produces a PBH mass function peaked on the sub-solar range, typically between 0.5 and 2M depending on the ratio between the final PBH mass and the Hubble-horizon mass at re-entry. In this case, there is no need of a peaked primordial power spectrum. A nearly scale-invariant spectrum, whose amplitude is nevertheless enhanced compared to CMB scales, can perfectly produce stellar-mass PBH with an abundance comparable to the DM, without overproducing much heavier or lighter PBH. Such a scenario could be more natural than the one of a peak in the spectrum, since slow-roll inflation generically predicts a nearly scale-invariant power spectrum. It was modeled like
where Θ(x) is the Heaviside function, k min denotes the mode at which the transition occurs, and n p is the spectral index on PBH scales. In order to compute the mass function, we followed [73] and assumed for simplicity that the PBH mass corresponds to the mass of the Hubble volume at horizon re-entry of the curvature fluctuation. But a different assumption would only shift the peak in the PBH distribution to lower masses and slightly change the relation between the PBH masses and GW frequencies. We find that the spectral index n p needs to take a value between 0.94 and 0.98, lower/larger values leading respectively to an overproduction of heavy/light PBH. We considered as a benchmark n p = 0.96 with k min = 10 3 Mpc −1 and P p = 0.0205, which leads to f tot PBH = 1. Since the details of the QCD transition are well-known and the speed of sound reduction is unavoidable, this is probably the best physically motivated model of PBH production.
Gravitational waves from the formation of primordial black holes
During inflation, the quantum fluctuations in quasi-de Sitter expansion produce gravitational waves, and to first order in the perturbations of the Einstein equations, tensor fluctuations evolve independently of scalars. In slow-roll inflation models, these first-order gravitational waves turn out to be very weak and far below the sensitivity of any gravitational wave detector, but their imprint on the B-mode polarization of the CMB and could be observable by future dedicated instruments. To second order, however, the scalar perturbations are a source of gravitational waves. If the power spectrum of scalar perturbations features a high peak, this second order effect can be the dominant one. In [78, 79] , general formulas are given to calculate the gravitational waves generated by any primordial scalar perturbations when they reenter the horizon after inflation. It is assumed that, immediately after a mode k enters the horizon, the tensor perturbation h k grows and reaches a magnitude S(t k )/k 2 , where t k is the time when k = a k H k and S is the source term of gravitational waves. Then, with details depending on whether the mode enters the horizon during radiation or matter domination, the perturbation h k evolves to a final value, determining the spectrum In what follows, we compute the spectrum of tensor perturbations P h (k, t k ) at time t k and, via a transfer function T (k, t), derive the spectrum today P h (k, t 0 ) = T (k, t 0 )P h (k, t k ) for the different primordial power spectra described in section 3. Here and below, a subscript 0 indicates a quantity evaluated today and a subscript k a quantity evaluated when the mode k enters the horizon.
The starting point is to calculate the power spectrum P h (k, t k ). It is given by eq. (44) of [78, 79] :
where µ ≡ k · p/(kp) and the transfer function for first order scalar perturbations
We assumed that the Bardeen potentials are equal, Φ = Ψ. In reality, anisotropic stresses due to the presence of photons and neutrinos can lead to a difference in the two potentials and neglecting them leads to errors of ∼ 10% for both first and second order perturbations [78, 79] . For our purposes, accounting for these errors is not necessary. It is convenient to rewrite the three-dimensional integral of Eq. 4.1 as an integral over p and µ. This gives, for the modes of interest,
For a given mode k and assuming a scale invariant power spectrum, in the limit p k, the integrant is suppressed like ∝ p 3 /k 3 . In the opposite limit p k, it is also suppressed, like ∝ k 8 /p 8 . As a result, the modes giving the dominant contribution to the integral are the ones p ∼ k. For a peaked power spectrum, the integrand is further suppressed in the regime far from p ∼ k p , which induces a peak in the GW spectrum.
Then, in order to obtain the spectrum of gravitational waves today, we multiply Eq. (4.1) by the appropriate transfer function (see [79] ),
where k c (t) ≡ k eq [a(t)/a eq ] 1/(γ−1) is the critical wavenumber below which sub-horizon modes at time t did not settle down. The redshifting factor γ is fixed by numerical simulations done in [79] to γ ∼ 3. The resulting relative energy density of gravitational waves induced by scalar perturbations today, Ω GW, 0 is then given by
In the subsections below, we use these results to calculate the spectra of GW produced at second order in the models described in Sections 3.1, 3.3, 3.2 and 3.4.
GW from Gaussian power spectrum
We have evaluated numerically the integral of Eq. (4.1) for one hundred k values in the range [k p × 10 −3 , k p × 10 3 ], where k p is the peak scale of P ζ . The resulting gravitational wave spectrum is shown in Fig. 4 . As can be seen in Fig. 2 , this range of scales is sufficient to capture practically all the power of the perturbations. We checked that the result is stable under changes in the number of modes and domain of integration. The GW spectrum amplitude peaks at Ω GW,0 h 2 ≈ 1.5 × 10 −9 on the nanohertz scale probed by PTA. We also computed the spectrum of GW from PBH formation corresponding to a different peak scale k p and adapted the peak amplitude P p to still get f tot PBH = 1 today, so that the GW spectrum peaks in the range of LISA with PBH mass m PBH ∼ 10 −10 M . This spectrum is shown in Fig. 5 .
GW from a sharp peak in the power spectrum
The gravitational waves from a single scalar mode spectrum, as in Eq. (3.2), can be calculated analytically as follows: Figure 4 . Spectra of the stochastic gravitational wave background from PBH formation, for the models of Fig. 2 . The circles show the best current 95% C.L. limits from different pulsar timing arrays (PPTA [104] , EPTA [101] and NANOGrav [102] ), at frequency f = 1 yr −1 (assuming scaleinvariant GW spectrum).
where integrating over the δ-functions implies p = k p and µ = k/(2k p ). The Heaviside function Θ is introduced because a perturbation with wavenumber k p cannot generate at second order gravitational waves with wavenumber k > 2k p . It is interesting to note that for
It ends abruptly at k = 2k p . For a Gaussian narrow peak, the transition is smoothed. In Fig. 4 we show the resulting spectrum of gravitational waves, computed numerically for a sharp Gaussian peak with σ p = 0.1. The analytical calculation reproduces well the slope of the GW spectrum at k < k p , whereas the slope at k k p is due to the Gaussian power spectrum suppression. Furthermore one can see that the maximal GW spectrum amplitude is about one order of magnitude lower than for models (3.1) and (3.3), despite the fact that the spectrum peak P p is slightly larger to keep f tot PBH = 1 constant. The GW spectrum reaches Ω GW,0 h 2 ≈ 1.5 × 10 −10 . This suppression compared to the cases of broad peaks in the primordial power spectrum, is due i) to the suppressed contribution of long wavelength modes k k p in the integral, ii) to the fact that modes larger than 2k p do not contribute to the integral thanks to the Heaviside function. But contrary to a naive expectation, the GW spectrum is not as sharp as the power spectrum peak.
GW from a broken power law
To calculate the gravitational waves sourced at second order by the broken power law spectrum of Eq. (3.3), we can solve Eq. (4.1) analytically. As already mentioned, we can safely consider k < k eq for all the wave-vectors of interest here. We can separate the integral in three different parts: the region k k p , the region k k p and the region k k p . Let's start by considering k k p . The most relevant contribution in this region comes from the convolution with p k p . Inserting the spectrum of Eq. (3.3) into Eq. (4.1), one
where we defined the variable x ≡ p/k. The upper limit of the integral over x goes to infinity for k k p , whereas the lower limit of the integral over µ goes to −1. For this reason, the result of the integral will be just a number N I .
Similarly, for k k p , the most relevant contribution comes from p k p :
Finally, the region k k p . Here the domains of integration are more complicated but, by analogy to the other regions, we can guess that around
Putting together these results, one has
In order to check the accuracy of these analytical approximations, in Fig. 4 we compare them to a numerical calculation, for the spectrum of Fig. 2 . One can see that Eq. (4.9) roughly captures the k dependence of the GW spectrum. Nevertheless, the numerical integration should be used for more accuracy and is nevertheless needed to compute the numerical factors N I and N II . For the considered model parameters, we find that the power spectrum peaks on nanohertz frequencies at Ω GW,0 h 2 ≈ 1 × 10 −9 .
GW from nearly flat power spectrum and QCD transition boost
Similarly to the broken power-law model, the gravitational wave spectrum can be calculated analytically as
but now the integral over x encompasses both modes larger and lower than k p . The resulting k-dependence is in agreement with the numerical computation of the gravitational wave power spectrum, which is shown in Fig. 4 . As a result, the stochastic GW spectrum on the nanoHertz scale is also nearly scale invariant, with an amplitude Ω GW,0 h 2 ≈ 1 × 10 −9 . But since there is no power spectrum peak, the GW spectrum could extend up to much larger frequencies, eventually covering the frequency range of space and Earth-based GW interferometers, with interesting perspectives of detection. Discussing the current limits and prospects of detection for the different models is the goal of the next section.
Current limits and prospects of detection with PTA and GW interferometers
The amplitude of the stochastic GW background from PBH formation is related to the power spectrum of primordial curvature fluctuations, whereas the GW frequency is linked to the PBH mass. The mass scale relevant for black hole mergers detected by GW interferometers, i.e. [1−50] M , interestingly coincides with the frequency range covered by PTA experiments, i.e. the nanoHertz scale. PTA are therefore the natural and ideal probe to detect or constrain the existence of stellar-mass PBH, and to distinguish between different formation scenarios.
The first important result of this paper is that for the considered models producing a wide mass distribution of PBH, the stochastic GW spectrum amplitude is enhanced compared to the simpler but less realistic monochromatic (or close to monochromatic) mass model that was considered so far. This enhancement is about one order of magnitude, so that Ω GW,0 (f peak )h 2 ∼ 10 −9 . This makes the considered models and parameters already in strong tension with the best and current PTA limits from the NANOGrav [102] and the Parkes Pulsar Timing Array (PPTA) [104] collaborations, as shown on Fig. 4 , whereas the limits set by the European Timing Arrays (EPTA) [101] can still be accommodated. Note that we considered the limits at f = yr −1 set for a scale-invariant spectrum, but they should be relatively accurate for our GW spectra peaking at frequencies where PTA are the most sensitive, making them roughly scale-invariant in this frequency range.
It is however important to remember, on the one hand, that the peak amplitude in the GW background spectrum goes like Ω GW,0 (f peak ) ∝ P 2 p , and on the other hand, that the PBH abundance is very sensitive to power spectrum peak amplitude and to the critical curvature threshold, going roughly like β ∝ (ζ c / P p ) exp(−ζ 2 c /2P p ). Therefore the most crucial parameter combination is actually ζ c / P p . At fixed abundance of PBH, a lower value of ζ c must be compensated by a lower value of P p to keep their ratio constant. For instance, if one assumes ζ c = 0.086 (instead of ζ c = 1.02), as obtained for a semi-numerical three-zone model of PBH formation [92] , one needs P p to be about 150 times lower than the values considered in Fig. 2 . In turn, the peak amplitude in the GW spectrum is strongly suppressed, by a factor 2 × 10 4 , down to Ω GW,0 (f peak )h 2 ∼ 10 −13 , which makes it compatible with all the present PTA limits. That roughly gives the plausible and relatively wide range for the GW background amplitude associated to PBH formation. It will be partially covered by the 5-year observations from the International Pulsar Timing Array (IPTA) [103] that has a projected sensitivity of Ω GW,0 h 2 ∼ 10 −10 [104] , and in a farther future by the PTA from the Square Kilometre Array whose sensitivity could reach Ω GW,0 h 2 ∼ 10 −15 [105, 106] . These considerations are valid not only for the three wide-mass distribution models considered in the paper, but they are generic to any scenario producing a wide PBH mass distribution from Gaussian curvature fluctuations. As a consequence, if the GW spectrum from PBH formation is detected with PTA, its shape will provide an important information about the PBH formation process, and thus on the underlying inflation scenario. If there is no detection of a GW background by IPTA and SKA, then even a tiny fraction of PBH will be ruled out. The reason is that one roughly has Ω GW,0 ∝ (ln β form ) −2 , so that ultimately, with the SKA sensitivity, one would probe values of P p < 10 −4 and one would be able to rule out the existence of even a single stellar-mass PBH in our Observable Universe. A noticeable exception are models where PBH originate from highly non-Gaussian fluctuations [65] . In such a case, the typical amplitude of curvature fluctuation can be much lower than assumed here, as recently studied in [81, [86] [87] [88] .
In some models such as with a broken power-law spectrum with a second index n 0.3, or with a wide Gaussian peak with σ p 4, the GW background spectrum extends to larger frequencies that are relevant for LISA. Space interferometers will therefore be excellent complementary probes to discriminate between different PBH models, by increasing the frequency lever arm. LISA will also constrain PBH models with lower mean masses, down to m PBH ∼ 10 −14 M . One example of GW spectrum from a Gaussian peak whose parameters are adapted to get f tot PBH = 1 is shown in Fig. 5 . One can see that even if β form must be strongly suppressed compared to a stellar-mass PBH model with the same abundance today, the peak amplitude in the GW background only changes by a factor of a few. This behavior is universal and comes once again from the exponential dependence of the PBH abundance to the peak amplitude. This is an interesting mass range because it is not well constrained by astrophysical probes (note, however, constraints from white dwarfs and neutron stars in globular clusters [107] [108] [109] [110] whose strength is debated), which allows an important fraction of Dark Matter to be composed by such light PBH. The Space mission LISA should have the sensitivity to definitively detect or rule out these models [111] .
On frequencies probed by Earth-based GW interferometers like LIGO/Virgo and the future Einstein Telescope, KAGRA and LIGO-India, the GW spectrum from PBH formation would be induced by extremely light PBH, with m PBH 10 12 kg, light enough to evaporate in a time much shorter than the age of the Universe, but longer than the time of Big-Bang nucleosynthesis. Their abundance is thus strongly constrained and such PBH could not significantly contribute to the Dark Matter today. Nevertheless, in the case of the model with a scale-invariant power spectrum and a boost of PBH formation at the QCD transition, it is likely that the power spectrum extends up to the frequencies of interest, if the second slow-roll phase responsible for the power spectrum enhancement continues until the end of inflation. In this case, we find that the GW spectrum from the formation of light but subdominant PBH, shown in Fig. 5 , passes the current limits imposed by LIGO/Virgo but could be detected with upcoming runs, as well as with future GW detectors. Ground-based interferometers will therefore be an additional mean to probe the existence of PBH for this particular model, that is actually the best theoretically motivated.
Conclusions
The renewed interest for stellar-mass PBH since the detection of gravitational waves from black hole mergers motivates us to study the stochastic gravitational wave background that is produced at the same time of their formation. The GW production mechanism relies on the large level of scalar perturbations which, at second order, are a source of tensor modes. These PBH could eventually constitute an important fraction, or even the totality of the Dark Matter in the Universe. Compared to previous work, we did not only consider the expected GW background for a monochromatic PBH mass model, but also for different wide-mass distributions that are typical of theoretical scenarios of PBH formation, such as mild-waterfall hybrid inflation, axion inflation, or boosted PBH formation during the QCD cross-over transition. In the latter case, a nearly scale invariant power spectrum of curvature fluctuations, but enhanced with respect to CMB scales, can produce a dominant population of PBH at the solar-mass scale. Three other models were considered: a wide Gaussian peak, a broken power-law and a thin peak in the curvature power spectrum. Those wide-mass models could explain the LIGO/Virgo black hole properties and merger rates, while escaping the astrophysical constraints on PBH abundance if one takes into account that micro-lensing constraints are questioned and can be evaded when considering realistic dark matter profiles in our Galaxy or the possible clustering of PBH. The formation of stellar-mass black holes typically produces a nanohertz gravitational wave background, an ideal target for Pulsar Timing Arrays.
For these models and for typical sets of parameters, we have evaluated numerically the frequency spectrum of the stochastic GW background, and for some of them we derived some analytical approximations. The first result of this paper is that the amplitude of the stochastic gravitational wave background for wide-mass models is enhanced by about one order of magnitude compared to the monochromatic case, because of an enhanced contribution of different wavelength modes around the peak scale to a given GW frequency. Assuming a critical curvature fluctuation threshold for PBH formation of order unity, as predicted by simulations in numerical relativity [90, 91] , this makes wide-mass PBH models already in strong tension with the best limits set by the NANOGrav and Parkes Pulsar Timing Arrays. However, a lower threshold value, e.g. the one predicted by the three-zone semi-numerical model of Harada et al. [92] implies a lower GW background that can easily accommodate the current observational limits. Models involving non-Gaussian fluctuations would also generate a suppressed GW background [81] .
We also found that the GW background amplitude is rather insensitive to the mean PBH mass and to the fraction of dark matter made of PBH, because the latter is exponentially dependent of the primordial power spectrum of curvature fluctuations. For any mean PBH mass scale, the stochastic background from broad-peak PBH formation will have an amplitude of Ω GW,0 h 2 ∼ 10 −9 for the largest plausible value of the critical threshold, and down to Ω GW,0 h 2 ∼ 10 −13 for the smallest one. As a consequence, LISA will probe the existence of light PBH, down to masses of 10 −14 M . Another consequence is that for a nearly scaleinvariant power spectrum with a naturally boosted PBH formation at the QCD transition, LISA but also Earth-based GW interferometers such as LIGO/Virgo and the future KAGRA, LIGO-India and Einstein Telescope will have the sensitivity to detect of the stochastic GW background from the formation of light PBH that is predicted in this best theoretically motivated scenario.
Finally, we have emphasized that future PTA with the Square Kilometre Array could exclude the existence of even a single PBH in our observable Universe (again, assuming they are formed from Gaussian fluctuations). Searching for and setting limits on the possible stochastic GW background induced by large scalar fluctuations is therefore a way to set much more stringent limits ont the existence of PBH than any other astrophysical mean, and to distinguish between different formation scenarios. This should therefore be considered as an important task for the the coming years. In order to reach this objective, theoretical progresses will be also needed, such as a better determination of the critical curvature threshold for different realistic PBH formation scenarios, including the effect of possible nonGaussianity, and a more accurate computation of the stochastic background amplitude, e.g. by using more accurate transfer functions.
